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Abstract 

We study higher order corrections to the radius/M2-brane charge of AdS/^ x j'Lk- 
There are two sources of corrections: one from the orbifold singularity of 'C^/'L^, and the 
other from the discrete torsion associated with the homology 3-cycle f/^3(S'''/Zfc, Z) = 
Zfc. We give a precise formula for the charge shift. These corrections are relevant, for 
example, at two loops in the AdS/^ x CP^ sigma model, and therefore for the strong 
coupling test of the all loop Bethe ansatz. 
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1 Introduction and summary 



It has recently been proposed that the superconformal field theory describing N coincident 
M2-branes at the fixed point of the orbifold C'^/Z^ (including k = 1, which is fiat space) is an 
A/" = 6 supersymmetric Chern-Simons-matter theory with a gauge group U{N)k x U{N)_k, 
and matter in the bi-fundamental representation [1]. At large and k this provides explicit 
realizations of AdS^/CFT^ duality [2]. This class of AdS/CFT dualities is somewhat different 
from the AdS^JCFT^ case, since the orbifold plays an essential role in its formulation. The 
orbifold provides an integer parameter fc, which corresponds in the dual CFT to the level of 
the CS terms. On the other hand the three-dimensional CFT does not have any continuious 
parameter like the four- dimensional Qym- AdS5/CFT4^ duality can be extended to orbifolds, 
but these preserve at most half the supersymmetry, and generically break all of it. In the 
AdS^/CFT^ case the CFT action has the same amount of supersymmetry for all k^ 

The parameter k also gives AdS^/CFT^ a somewhat richer structure than AdS^/CFT^. 
First, there are actually two supergravity duals that have different regimes of validity, which 
depend on the relative scaling of k and A^. For k -C A^^''^ -C A^ the supergravity dual can 
be described as M theory on AdS4^ x S'^/Z^, whereas for N'^^^ <^ k <ti N the appropriate 
description is in terms of Type IIA string theory on 74^5*4 x CP^. In the latter one would 
naively expect the dilaton to provide a continuous parameter in the field theory (as in the 
four-dimensional case), however the dilaton is fixed by A^ and k in this background. Second, 
the structure of the internal space is richer, and this allows, for example, the possibility of 
turning on a discrete fiux, which changes the relative ranks of the two gauge group factors 
[3\. 

In this paper we will exhibit another interesting difference between the the three and four- 
dimensional versions of AdS/CFT. The maximally supersymmetric AdS^ x background 
in Type IIB string theory is believed to be exact, namely free of any higher order corrections 
[1]. This was also argued to be true for the maximally supersymmetric AdS^ x 5^ (and 
AdSf X S^) background in M theory [5]. However we will show that for AdSd x S^/Z^ with 
k > 1 there is a higher order (in the curvature) correction to the backgroundo An important 
consequence of this correction is that the radius of curvature in the Type IIA description is 
shifted to 

where < / < A; — 1 is the number of discrete torsion flux quanta. In particular, this 
indicates that the shift becomes relevant at two loops 0{l/\/X) in the AdS^ x CP^ sigma 
model. Thus it affects, for example, two loop corrections to the energy /anomalous dimension 
of giant magnons and spinning strings. Hence the radius shift is important for the strong 
coupling test of the all loop Bethe ansatz proposed in (see also [HI [9l [TO] for a list of 
papers on integrability in this model). 

^For k = 1,2 the supersymmetry is enhanced non-perturbatively to A/" = 8 [1]. 
^The possibility of corrections were mentioned in footnote 8 of [B]. 
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The source of this correction is the orbifold singularity in the original background C^/Z^. 
It is well known that orbifold singularities in M theory can be a source of M2-brane charge 
via the gravitational coupling / C3 A Is, where Jg is a curvature 8-form (TT], [12], [13]. We will 
compute this charge for C^/Z^, and an additional correction due to discrete torsion. This 
will generalize the result of [13] , where the charge was computed for the Z2 case. The shift in 
the M2-brane charge leads in the large N limit to the shift in the radius of the near-horizon 
geometry (11. ip . These corrections are subleading in the supergravity approximation, and 
were not included in [Il|3] . 

In section 2 we will review the relevant features of the ABJM model and its supergravity 
duals. In section 3 we will derive our main result (11. ip by computing the M2-brane charge 
shift due to the orbifold singularity and to discrete torsion. We will also interpret these 
corrections in the Type IIA description in section 4. 

Note added : There may be a correction to the radius shift in (II. ip where Z ^ Z — |, due to 
a possible parity anomaly for M2-branes in this background. This question will be explored 
elsewhere [T3] . 



2 Essential features of the ABJM model 

We will be concerned with the simplest case of the AdS^/CFT^ duality, namely the one 
corresponding to M2-branes placed at a C^fZk orbifold singularity. As shown in [1], the 
three-dimensional worldvolume field theory on the M2-branes is an AT = 6 supersymmetric 
Chern-Simons theory, that has a gauge group U{N) x U{N), with CS levels {k, —k), as well 
as matter superfields transforming in the (N, N) representation of the gauge group and in 
the 4 of the S'[/(4)ij R-symmetry group. This is an interacting superconformal field theory 
with a coupling constant given by 1/k. At large A^ and k the theory has an 'tHooft (planar) 
limit with fixed A = N/k, and the field theory description is (perturbatively) valid when 
A < 1, I.e. for A; > A^. 

For k <^ N there is a dual supergravity description given by the near horizon limit of 
the M2-branes on C^/Z/^. The background corresponding to A^ M2-branes on C^/Z^ has a 
metric and 4-form field strength given by 

dsl^ = H{zi)-^/^{-dt^ + dxl + dxl) + H{zif'^dsl,/j^^ 
Gi = dt A dxi A dx2 A dH^^ , (2.1) 

where G (/ = 1, . . . , 4), and H is the harmonic function on C^, 

H{z^) = 1 + ^ , (2.2) 
with = z^z^ , and Q = 327r'^{kN)ip. In the near horizon limit this becomes AdS^ x S'^/Z^, 
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^4 = In'e,, (2.3) 

where R = {2^7i^kNy/^ip, and €4 is the unit volume form on AdS^. The metric on S^/Z^ is 
conveniently described in terms of the Hopf fibration over CP^ as 

^4yz, = + kuj'f + ds^ps , (2.4) 

where ds'^ps is the Fubini-Study metric on CP^, is a periodic coordinate with period 2n, 
and u; is a one-form related to the Kahler form on CP^ by du = J. Since the radius of the 
circle is given by R/k ~ (N/k^Y^^, the eleven- dimensional supergravity description is only 
valid in the range k <^ A^^/^. 

In the range one should really use the ten-dimensional Type IIA super- 

gravity description, which is given by the dimensional reduction of (12. 3p (setting a' = 1) 
II51[IS] : 



p3 /I \ d3 

1 
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-We^ . (2.5) 
o 

The radius of curvature in string units is i?^ = R^ /k = 2^/^7r(A^/A;)^/^, and the string coupling 
is Qs = e"^ = 2^I^T\:^I'^{N jk^^l^ ^ so we see that the Type IIA supergravity description is indeed 
valid for N^l^ <^k<^N. 

The simplest generalization of this story is to change the gauge group to U{M) x U{N) 
with M N |T71 [3]. This was shown to correspond to turning on discrete torsion in the 
orbifold C^/Zk [3]- Since this takes values in H^i^S'^ /Zk,'Ij) = Zk, it suggests that there are 
only k distinct A/" = 6 superconformal CS theories with minimal rank A^. Indeed evidence 
was presented in [3] that there are no superconformal theories with \M — N\ > k, and 
that the theories with M — N < are related to those with M — A^ < A; by a three- 
dimensional version of Seiberg duality (called parity duality). The distinct theories are 
therefore U{N + l)k x U{N).k, with / = 0, . . . , A; - 1. At large A^ and A; < A^^/^ these 
theories are dual to the M theory background (12. 3p . with an additional discrete holonomy 
for the C field, 

C3 / 



53/ZfcC5VZfc 27r k 



(2.6) 



In the Type IIA description, which is valid when N^^^ <^ k <^ N, this becomes a B field 
holonomy on CP^ C CP^, 

/ ^ = -. (2.7) 

As explained in [3] , although the B field holonomy is not quantized topologically (unlike the 
C field holonomy in the M theory description), it is quantized dynamically. 
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3 Anomalous M2-brane charges 

We will now show that the solution describing N M2-branes on C^/Z^ (12.11) receives a 
correction due to the fact that the fixed plane itself carries a certain M2-brane charge. The 
bosonic part of the M theory low energy effective action is given by 



5*11 



j d''xV^(^R-^\G^\^^ - ^j Cs A ^4 A 6-4 + (27r) V j Cs A h 



{3.1] 



where f3 is related to the 5-brane tension by Tg = l/(27r)^/3 and /§ is an 8-form anomaly 
polynomial [IH] , which is given in terms of Pontryagin classes as 



P2-\pI] , (3.2) 



2-4! V 4 
with 

Pi = -^Tri?2 and p2 = \(TiRy - 2TtR^] . 

^ 2(27r)2 8(27r)4 ^ ^ 

For a compact manifold the 8-form Jg is related to the Euler class by 

/8 = . (3.3) 

Ma 

For non-compact manifolds the Euler class has a boundary contribution, and /§ is related 
only to the bulk part. We can see from the C3 equation of motion that there are three 
possible types of contributions to the M2-brane charge, 

d^G^ = (2TifNb^{x) - A G4 + (27r)2j8 , (3.4) 

where we have set /3 = l/(27r)2. The total charge is given by the integral over the 8-manifold 

"^"^ ^ L. ^'^^ ^ - ^ I. ^ - ^ ■ 

The three terms correspond respectively to the contributions of M2-brane sources, flux, and 
the (bulk) geometry of the 8-manifoldjj 



•^For a compact 8-manifold this has to vanish, and this leads to the anomaly cancellation condition (the 
M-theory analog of tadpole cancellation) [501 HI] i 

^ - ^nV^ \ G4 A G4 - = . 
2(27r)^ 24 
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3.1 The orbifold contribution 



Let us begin with the contribution of the geometry, C^/Z^. The total Euler number of this 
space is given by [22] 

x(CVZfc) = k . (3.6) 

This has a contribution from the bulk due to the fixed point, and a contribution from the 
boundary 5'''/Zfc. The contribution of the boundary is easily computed by realizing that Z^ 
acts freely on S'^, which is the boundary of C^, and by the fact that Xbnd{C^) = x(C^) = 
xipoint) = 1. Therefore Xfend(C^/Zfc) = 1/k, and the contribution of the fixed point can be 
easily extracted: 

XbuikiCyZk) = x(CVZfc) - XbndiCyZk) = k-j. (3.7) 

k 

Alternatively, the contribution of the fixed point can be computed directly using string theory 
by replacing C^/Z^ with T^/Z^. Of course this is only possible for k = 2,3,4 and 6, since 
Zfc must be an automorphism of the lattice defining the T^. The Euler numbers of T'^/Z^ 
were computed in [23j . In Appendix A we extract from these the Euler numbers of the fixed 
points for these four cases, and show that they agree with the general result aboveB 
We conclude that the fixed point of the orbifold C^/Z^ carries an M2-brane charge: 

Q^,,{CyZ,) = -^(k-y) . (3.8) 



24 V k^ 

This agrees with, and generalizes, the result of p^3J for the "0M2~-plane" ]R^/Z2, 

QM2iOM2-) = -4 • (3.9) 

In this special case there is an additional consistency check which comes from compactifying 
one of the coordinates of the M^, and reducing to Type IIA string theory. There are two 
0M2~-planes in this case, that become a single orientifold plane 02~ in Type IIA string 
theory. The D2-brane charge of the orientifold plane can be computed independently using 
string theory, and the result is —1/8, percisely twice the charge of the 0M2~-plane. There 
is no analogous simple Type IIA reduction for k > 2. 

3.2 The discrete torsion contribution 

The contribution of the discrete torsion to the M2-brane charge comes from the flux term: 



''The same formula holds in four dimensions for the ALE space Ak-i, which has an orbifold limit C^/Zfe. 
For example the Eguchi-Hanson space {Ai) has xi^H) = 2, which is made up of a boundary {S'^ /Z2) 
contribution Xbnd{EH) = 1/2, and a bulk contribution Xbik{EH) =3/2. Alternatively, one can compute the 
bulk contribution by considering /Z2, which is an orbifold limit of KZ. From x{K?>) = 24, and the fact that 
the compact orbifold has a total of 2^ = 16 fixed points (and no boundary), we find that Xfp — 24/16 = 3/2, 
in agreement with the bulk contribution in the EH space. 



6 



where the torsion class corresponds to the discrete holonomy of C3 given in (12. 6p . To evaluate 
this quantity we will generalize the approach of [13] , where it was computed for the Z2 case. 
We consider a smooth 8- manifold A4 whose boundary is S'^ /Zk, and express the charge as 

Qtorsion = _1 /" ^ A — . (3.11) 

The holonomy of C3 on the torsion 3-cycle S^/Tj^ can likewise be expressed as 

where W is a 4-dimensional submanifold of Ai whose boundary is S^/Zk- A class G4 in Ai 
that satisfies fl3.12p can be constructed from the Poincare dual of the base CP^, which is a 
2-form X that satisfies 

[ XAX = -k. (3.13) 
Jw 

We can therefore identify G4/(27r) = —{l/k'^)X AX, and the discrete torsion contribution to 
the M2-brane charge is given by 

Q*™ = -^^XAXAXAX = i^. (3.14) 

This generalizes the result of for k = 2. In that case there is only one choice of discrete 
torsion / = 1, corresponding to an 0M2"'"-plane which carries an M2-brane charge of 3/16. 
Upon compactifying one of the directions one then obtains one of the four variants of 
orientifold 2-planes in Type IIA string theory, 02^, 02^, 02 , or 02 , depending on which 
0M2-planes are placed at opposite points on the circle. Again, a similar consistency check 
by reduction to ten dimensions cannot be made for k > 2. 

3.2.1 An explicit construction of Ai and X 

Let us now make this computation more explicit. We take the metric on Ai to b^^^' 



= — + 1 ~ + ^) + dscps , (3.15) 

where (p ^ (p + 2TT/k, and r > 1/2. This space is smooth at r = 1/2, and its boundary at 
r — i> 00 is S^/Zfc. It is a fiber bundle over CP^, where the fiber is a disk endowed with 
the metric ^ 

dsl2 = ^ 1 + ( 1 - TTTT? ) V • (3.16) 



(2r)'= V 

The 2-form X that we want has the general form 



(2r) 



X = f{r)dr A{dip + iu) + g{r)J , (3.17) 



^We parametrize the CP^ manifold as in Appendix B. 
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where /(oo) = g{oo) = 0. Since we want to identify with X A X we require this 4-form 
to be closed, which imphes thai@ 

/«^^. (3.18) 
Being the Poincare dual of the CP^ base implies that the integral of X on the disk is unity 



D2 k 



and therefore that 



r=l/2 



(3.19) 



(3.20) 



The 4-dimensional submanifold W is taken to be 



1 - 



(2r)'= 



(2r) 



(#1 + cos eid(j)if + - {del + sin^ ^id(pl) ■ (3-21) 



The boundary of W is indeed the torsion 3-cycle S^/Zk in S'^/Z^ at r — cxd, as defined in 
Appendix B. The integral of the 4-form X A X over W then gives 



X AX 



k 



-k 



(3.22) 



1/2 



as stated in fl3.13p . We have defined the orientation of CP^ with the metric ds^pi = d9\ + 
sin^ 9id(f)1 by J^p^ J > 0. The integral of the 8-form X^ over is then straightforward to 
evaluate: 



X AX AX AX 



M 



16k 



-k' 



(3.23) 



1/2 



where we have defined the orientation of CP^ by Lp-^ J A J A J > 



This concludes the computation of the discrete torsion contribution to the M2-brane 
charge (13.141) . To summarize, the total M2-brane charge shift due to the orbifold and discrete 
torsion is therefore 



which leads to our main result (11.11) . 



1 

'24 



k- 



+ 



2k 



(3.24) 



4 Type IIA interpretation 

In the previous section we computed the M2-brane charge shift from the M theory orbifold 
geometry and discrete torsion. In this section we would like to try to interpret this result 

^The 4-form is then locally exact X A X = d {g'^{d(p + iv) A J + dx), where x is an a-priori arbitrary 
2-form. Comparing the boundary value with the torsion 3-form in ^ shows that x dip A uj. 
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from the point of view of Type IIA string theory. As we mentioned above, in the Z2 case 
there is a very simple Type IIA interpretation of the charges in terms of orientifold 2-planes. 
However there is no analogously simple interpretation in the more general case. 

It is instructive to first consider a simpler example. Suppose that the M2-branes are 
placed in the direct product of a Taub-NUT space and a 4- manifold, Mg = TN x M4. 
Reducing on the asymptotic 5*^ in the TN space gives an anti-D6-brane wrapping M4 in the 
Type IIA D2-brane background0 The integral of the 8-form /§ for a product space simplifies 
to 

^8 = / P^^TN) [ p,{M,) = / Pi{M,) , (4.1) 

Ms 4-24 Jj,^ Jf^,^^ 48 Jf^^^ 

where we have used that the first Pontryagin number of the TN space is —2. This implies 
that the curvature CS coupling C3 A Is localizes on the D6-brane worldvolume and reduces 
to a higher order gravitational CS coupling +-^0^ A pilM^) [2l]. Meanwhile, in the TN 
background the G-fiux CS coupling C3 A 6*4 A (74 also localizes on the D6-brane worldvolume 
and becomes the familiar CS coupling C3 A A JF, where = 2Tia'F + B2 [25]. Hence in 
the presence of D6-branes the bulk CS couplings C3 A 6*4 A and C3 A Jg localize on the 
D6-brane worldvolume and reduce to (setting a' = 1)@ 



2 48 87r2 



(4.2) 

Mi 



Therefore both the worldvolume gauge field and the curvature of the 4-manifold M4 can 
induce D2-brane charge within the D6-brane. In M theory this corresponds to a shift in the 
M2-brane charge. 

In our case the 8-dimensional geometry does not have a simple product structure. Before 
going to the (gauge theory) IR limit it corresponds to an intersection of two different TN 
spaces (KK monopoles), or equivalently to a particular toric hyper-kahler space Xg [311 [1]. 
In the IR limit this reduces to C^/Z^. The reduction to Type IIA string theory gives an 
intersection of a KK monopole with a bound state of a KK monopole and k D6-branes. This 
suggests that one may be able to account for the M2-brane charge shift 03.241) from the D6- 
brane CS couplings (14. 2p . However the Type IIA background is really some 7- manifold with k 
units of RR 2-form flux, and does not have any actual D6-branes. It therefore seems difficult 
to compute the charge shift using the Type IIA reduction of the M theory background. 



4.1 D-brane domain wall probes 

Although it is difficult to compute the M2-brane charge shift (13.241) directly in the Type IIA 
background, we can detect it using probe D-branes. Let us consider the near-horizon Type 
IIA background AdS^ x CP^ (12.51) . A Dp-brane that wraps a cycle in CP^, and extends along 

^See Appendix C for our sign conventions. 

^The second term is a part of higher order curvature corrections expressed in terms of the A-genus 
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all but the radial direction of AdSi, forms a domain wall in AdS4 across which some of the 
fluxes jump. In particular a D4-brane which wraps CP^ creates a jump in F4 = F4 + B2A F2 
(by changing B2) and therefore in /, and a D6-brane which wraps CP^ creates a jump in F2 
and therefore in In either case there is also a jump in *F4 due to an induced D2-brane 
charge, which should agree with the jump in the M2-brane charge shift from f l3.24p . We 
do not expect to reproduce the M theory result precisely in this way, since the Type IIA 
description is valid only for large k. But we do expect to get the leading order term in 
correct. 

Let us start with the D4-brane. A D4-brane wrapped on CP^ C CP^, and localized 
at a fixed radial position tq, forms a domain wall in AdS4 across which the flux of P4 on 
CP^ C CP^ increases by one unit, i.e. I ^ l + l. The resulting jump in the M2-brane charge 
shift computed from (13.241) is given by 

(I + P I 1 

Note that since / can be as large as k — 1, this can include a leading order effect in 1/k. The 
D2-brane charge induced on the D4-brane is given by the B2 field, 

which agrees with (14. 3 p to leading order in 

For a D6-brane domain wall the flux of F2 decreases by one unit, so A; ^ A; — 1. The 
jump in the M2-brane charge shift is then 

where the first term comes from the contribution of the orbifold geometry, and the second 
term comes from discrete torsion contribution. Let us compare this with the D2-brane charge 
induced on the D6-brane. There are two contributions. The first is from the B2 field, 

s(D6,B) 1 /" „ „ l'^ 



which agrees to leading order in l//c with the discrete torsion contribution in (14.50 . The 
second contribution is from the curvature coupling (see Appendix C), 

Q^m""^ = tJ - Pi{N{CP'))) , (4.7) 



D8-brane wrapping the whole CP'^ would create a jump in Fq. This is not part of our background, 
and is beyond the scope of our paper. 

^°We used the value of the B field at r < rp. The agreement is actually precise if we use instead the 
average value of the B field from the two sides. But this is irrelevant to leading order in 1/k. 
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where the two terms are the first Pontrjagin classes of the tangent and normal bundles, 
respectively, of CP^ C CP^. This can be computed as follows. The total Pontrjagin class of 
the tangent bundle of CP" is given by [30j 

p(T(CP")) = + (4.8) 

where x is the generator of if^(CP"; Z), which we can identify with the Kahler form J, if 
we assume the normalization J^p^ J = 1. In particular this gives 

Pi(T(CP")) = (n + l)JA J. (4.9) 

Now consider the submanifold CP' C CP" {I < n). Its tangent and normal bundles satisfy 
the Whitney sum relation, T{CP^) © A^(CP') = T(CP"'), and therefore their Pontrjagin 
classes satisfy p(T(CP')) Ap(A^(CP')) = p(T(CP")). In particular this implies 

Pi(T(CP'))+Pi(iV(CPO) =Pi(T(CP")), (4.10) 

and therefore that 

Pi{N{CP^)) = {n-l)J AJ. (4.11) 

For our case this implies that 

QS?/'"^ = ^(3-1) = ^, (4.12) 
which agrees with the geometry contribution in (14.51) to leading order in 1/k. 
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A Alternative computation of the bulk Euler number 

The bulk contribution to the Euler number of C^/Z^ comes from the fixed point. This can be 
computed in an alternative way using string theory by compactifying on T^/Z^. Of course 
this is possible only for A; = 2,3,4 and 6, since Z^ must be an automorphism of the lattice 
defining the torus T^. The Euler numbers of T^/Z^ were computed in this way in |23], and 
are shown in table ([1]). We can then extract the Euler numbers of the corresponding fixed 
points by dividing by the number of fixed points, taking care to take into account the fact 
that there are two and three types of fixed points respectively in the Z4 and Zg cases. 
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orbifold 


X 


TVZ2 


384 


TVZ3 


216 


TVZ4 


240 




240 



Table 1: The Euler numbers of /lik [23l 



For k = 2 the compact orbifold has 2^ fixed points, therefore each one contributes an 
Euler number 

XukiCyz,) = ^ = ^ = 2 - 2 • (A.l) 
For k = 3 there are 3"^ fixed points, and therefore 

XukiCyZ,) = 1^ = ^ = 3 - ^ . (A.2) 

The compact Z4 orbifold has a total of 4^ fixed points. Of those 2'^ are fixed under Z4, 
and 4^ — 2^ are fixed under Z2 C Z4, and related pairwise to each other under the generator 
of Z4. The latter therefore correspond to (4^ — 2'*)/2 Z2 fixed points. Thus 

x(T7Z4) = 240 = 2^ ■ XbikiC'/Z,) + 1(4^ - 2^) ■ xukiC^Z^) , (A.3) 
and using (1A.1I) we find 

X...(CVZ4) = ^ = 4-1. (A.4) 

The orbifold T^/Zg has three kinds of fixed points. There is one point (the origin) fixed 
under the full Zg, 3^ — 1 = 80 points fixed under the Z3 subgroup (80/2 doublets), and 
2^ — 1 = 255 points fixed under the Z2 subgroup (255/3 triplets). Therefore 

80 

x(TVZ6) = 240 = XbikiCyZ,) + - ■ XbikiCyZs) + — ■ XbikiC^Z,) , (A.5) 



and using ( lA.lj) and ( 1A.2I) we find 



XbikiCyZe) = 6 - ^ . (A.6) 
o 



B The parametrization of and CP' 

We define a 7-sphere S'^ by 

61 ^ti±±i 
Ai = COS 4 COS —e 2 , 

X2 = cos^sm— e 2 ^ 
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Q<2 ■ ^2 ~l~'^2 

= sin^cos — -e*^~ , (B.l) 
A4 = sm^sm — e 2 ^ 

where < ^ < 7r/2, < -0* < 47r, < 0^ < 27r, and < < tt, and + l^ap + l^gp + 
1X4!^ = 1. In terms of these coordinates, the 5"^ metric takes the form 

ds% = d^'^ + ^^{{d^i^i + COS e^d^if + del + sm^eid^l] 

{{d^P2 + cos e2d(t)2f + del + sm^92d(t)l] ■ (B-2) 
We can further rewrite it as a C/(l) bundle over CP^ 

ds^gr — ds^p3 + {dip + ujY 1 (B-3) 

by introducing new coordinates 

V'l = + V' , = 2(^ - V' . (B.4) 

The one-form takes the form 

1 11 

uj — -(cos^ ^ — sin^ i)d^l) + - cos^ ^ cos ^ic?0i + - sin^ ^ cos ^2C?02 , (B-5) 

2 2 2 



and the CP^ metric is parametrized by 



2 

COS^l COS ^2 



(iscp3 = d^'^ + cos^ ^ sin^ ^ |^(i'0 H ^-^d(pi — u(p2 

+ J cos^ i {del + sin^ ^id0?) + ^ sin^ ^ {de^ + sin^ ^2^2) ■ (B.6) 
In this parametrization the orbifold is defined by the identifications 

- + 47r/A; (X„ ~ e^^-^/'^X^) , (B.7) 

which yields in terms of the new coordinates 

(p ^ (p + 27r/k , ijj ^ ijj + 27r . (B.8) 

The torsion 3-cycle, S^/Z^ C S'^/Zk, is defined by the ^ = surface 

+ IX2I' = 1 , X3 = X4 = . (B.9) 
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C Conventions for RR fields and D-brane couplings 



The gauge invariant field strengths in (massless) Type IIA supergravity are given by: 



F2 



dB2 
dCi 

- * F4 = rfCs - C3 A H3 
*F2 = dCj -C5AH3 



(C.IO) 



Note that ** = —1 for even forms in Minkowski spacetime, so *Fq = F4 and *F8 = —F2. 
The Bianchi identities/equations of motion for the RR fields with sources are given by: 



dF2 = -* jj 

dF^ = *j5-F2AH-i 

d*Fi = -dpQ = *j3 + F4 A ifg 

d*F2 = dPs = *ji + *F4 A H3 , 



(C.li: 



where we have used A = 0. The sources for the RR fields come from the D-brane CS 
terms, which can be formally expressed as [271 ESI EH] («' = 1): 



qCS 
'-'Dp 



1 



(27r) 



M 



5^C,Ae2-^+^^ A 



N) 



(C.12) 



where it is understood that we keep all terms of total form degree p+1 on the RHS. A denotes 
the "A-roof (or Dirac) genus, which can be expressed in terms of Pontrjagin classes: 



A=l- —pi H — f7n? - AP2) + 

24^ 5760 ^ ^ ' 



where 



1 



Pi 

P2 



2(27r)2 
1 



Tri?2 



i{2ny 



(C.13) 

(C.14) 
(C.15) 



and Rt, Rn denote the curvatures of the tangent and normal bundles to the D-brane world- 
volume, respectively. Note that our convention differs from that of [271 [2Sl [29] by a relative 
sign between the worldvolume gauge field contribution and the curvature contribution. This 
is because in their convention the second Chern character (0/^2) for an ASD connection is 
negative, whereas in our convention it is positive. 
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The contribution of a Dp-brane to the source current associated with a Dg-brane charge 
is therefore given in general by: 



* 3q+l 



5. 



9-p 



p~q 



A 



(C.16) 



p-q 



where 6g-p is a 5-function locahzed at the spatial position of the Dp-brane. In particular for 

6, 



.{D4) 
*J3 



*J3 



{D6) 



(27r)2 

(27r)^ 



A (27rF + B2) 
1 



A 



-(2ttF + B2) 



48 



(pi(TM)-pi(iVM)) 



(C.17) 
(C.18) 



References 

[1] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, "N=6 superconformal Chern- 
Simons-matter theories, M2-branes and their gravity duals," arXiv:0806.12 18 [hep-th]. 

[2] J. M. Maldacena, "The large N limit of superconformal field theories and supergrav- 
ity," Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] 
|arXiv:hep-th/9711200j ; 

[3] O. Aharony, O. Bergman and D. L. Jafferis, "Fractional M2-branes," larXiv: 0807.49241 
[hep-th] . 

[4] R. R. Metsaev and A. A. Tseytlin, "Type IIB superstring action in AdS(5) x S(5) 
background," Nucl. Phys. B 533, 109 (1998) |arXiv:hep-th79805028 |. 

[5] R. Kallosh and A. Rajaraman, "Vacua of M-theory and string theory," Phys. Rev. D 
58, 125003 (1998) |ar Xiv:hep-th/9805041] . 

[6] T. McLoughlin, R. Roiban and A. A. Tseytlin, "Quantum spinning strings in AdS4 x 
CP^: testing the Bethe Ansatz proposal," JHEP 0811, 069 (2008) [ arXiv: 08 09. 40381 
[hep-th]]. 

[7] N. Gromov and P. Vieira, "The all loop AdS4/CFT3 Bethe ansatz," larXiv:0807.0777l 
[hep-th]; C. Ahn and R. I. Nepomechie, "N=6 super Chern-Simons theory S-matrix and 
all-loop Bethe ansatz equations," JHEP 0809, 010 (2008) [arXiv: 0807. 1 924 [hep-th]]; 

[8] J. A. Minahan and K. Zarembo, "The Bethe ansatz for superconformal Chern-Simons," 
JHEP 0809, 040 (2008) |arXiv:0806.3 951 [hep-th]]; D. Gaiotto, S. Giombi and X. Yin, 
"Spin Chains in N=6 Superconformal Chern-Simons-Matter Theory," larXiv:0806. 45891 
[hep-th]; D. Bak and S. J. Rey, "Integrable Spin Chain in Superconformal Chern-Simons 
Theory," JHEP 0810, 053 (2008) [ar2£m0807.2063 [hep-th]]; 



15 



[9] D. Bak, D. Gang and S. J. Rey, "Integrable Spin Chain of Superconformal U(M)xU(N) 
Chern-Simons Theory," JHEP 0810, 038 (2008) [arXiv:0808.0170 [hep-th]]. G. Aru- 
tyunov and S. Frolov, "Superstrings on AdSi x CP^ as a Coset Sigma-model," JHEP 
0809, 129 (2008) jarXiv:0806. 4940 [hep-th]]; B. J. Stefanski, "Green-Schwarz action for 
Type IIA strings on AdS^ x CP^;' Nucl. Phys. B 808, 80 (2009) |arXiv:0806.4948l 
[hep-th]]; G. Grignani, T. Harmark and M. Orselh, "The SU(2) x SU(2) sector in 
the string dual of N=6 superconformal Chern-Simons theory," Nucl. Phys. B 810, 
115 (2009) [arXiv:0806.4959 [hep-th]]; G. Grignani, T. Harmark, M. Orselh and 
G. W. Semenoff, "Finite size Giant Magnons in the string dual of N=6 superconformal 
Chern-Simons theory," JHEP 0812, 008 (2008) [arXiv:0807.0205 [hep-th]]; N. Gro- 
mov and P. Vieira, "The AdS4/CFT3 algebraic curve," |arXiy:0807.0437 [hep-th]; 
C. Ahn and P. Bozhilov, "Finite-size effects of Membranes on AdS4^ x 5*7," JHEP 
0808, 054 (2008) | arXiv:0807.0566l [hep-th]]; B. Chen and J. B. Wu, "Semi-classical 
strings in AdS^ x CP\" JHEP 0809, 096 (2008) [arXiv: 0807. 08021 [hep-th]]; D. Astolfi, 
V. G. M. Puletti, G. Grignani, T. Harmark and M. Orselli, "Finite-size corrections in 
the SU(2) X SU(2) sector of type IIA string theory on AdS^ x CP^," Nucl. Phys. B 810, 
150 (2009) [arXiv:0807.1527 [hep-th]]; B. H. Lee, K. L. Panigrahi and C. Park, "Spiky 
Strings on AdS4 x CP^" JHEP 0811, 066 (2008) [arXiv:0807.2559 [hep-th]]; C. Ahn, 
P. Bozhilov and R. C. Rashkov, "Neumann-Rosochatius integrable system for strings 
on AdSi X CP3;' JHEP 0809, 017 (2008) ;a rXiv:0807.3T3 4l [hep-th]]; T. McLough- 
hn and R. Roiban, "Spinning strings at one-loop in AdS^ x P^," JHEP 0812, 101 



(2008) jarXiv:0807.3965l [hep-th]]; L. F. Alday, G. Arutyunov and D. Bykov, "Semi- 



classical Quantization of Spinning Strings in AdS^ x CP^," JHEP 0811, 089 (2008) 
|arXiv:0807,4400] [hep-th]]; C. Krishnan, "AdS4/CFT3 at One Loop," JHEP 0809, 092 
(2008) [arXiv:0807.4561 [hep-th]]; J. Gomis, D. Sorokin and L. Wulff, "The complete 
AdS(4) X CP (3) superspace for the type IIA superstring and D-branes," JHEP 0903, 
015 (2009) [arXiv:0811.1566 [hep-th]]; C. Kristjansen, M. Orselli and K. Zoubos, "Non- 
planar ABJM Theory and Integrability," ar Xiv:0811.215 [hep-th]; 

[10] B. I. Zwiebel, "Two-loop Integrability of Planar N=6 Superconformal Chern-Simons 
Theory," larXiv :0901.0 411i [hep-th]. J. A. Minahan, W. Schulgin and K. Zarembo, 
"Two loop integrability for Chern-Simons theories with N=6 supersymmetry," 
rarXiv:0901.1142 [hep-th]. 

[11] A. Sen, "Orbifolds of M-Theory and String Theory," Mod. Phys. Lett. All, 1339 (1996) 
|arXiv:hi^th/9603113j . 

[12] K. Dasgupta, D. P. Jatkar and S. Mukhi, "Gravitational couplings and Z(2) orien- 
tifolds," Nucl. Phys. B 523, 465 (1998) |arXiv:hep-th/9707224|. 



[13] S. Sethi, "A relation between N = 8 gauge theories in three dimensions," JHEP 9811, 
003 (1998) [arXiv:hep-th/9809162] . 



16 



[14] O. Aharony, O. Bergman, A. Hashimoto, S. Hirano, P. Ouyang, work in progress. 

[15] B. E. W. Nilsson and C. N. Pope, "Hopf Fibration Of Eleven-Dimensional Supergravity," 
Class. Quant. Grav. 1, 499 (1984). 

[16] S. Watamura, "Spontaneous Compactification And Cp(N): SU(3) X SU(2) X U(l), 
Sin**2-Theta-W, G(3) / G(2) And SU(3) Triplet Chiral Fermions In Four-Dimensions," 
Phys. Lett. B 136, 245 (1984); D. P. Sorokin, V. I. Tkach and D. V. Volkov, "Kaluza- 
Klein Theories And Spontaneous Compactification Mechanisms Of Extra Space Di- 
mensions," In *Moscow 1984, Proceedings, Quantum Gravity*, 376-392; D. P. Sorokin, 
V. I. Tkach and D. V. Volkov, "On The Relationship Between Compactified Vacua Of 
D = 11 And D = 10 Supergravities," Phys. Lett. B 161, 301 (1985). 

K. Hosomichi, K. M. Lee, S. Lee, S. Lee and J. Park, "N=5,6 Superconfor- 
mal Chern-Simons Theories and M2-branes on Orbifolds," JHEP 0809, 002 (2008) 
|arXiv:0806.4977l [hep-th]]. 

M. J. Duff, J. T. Liu and R. Minasian, "Eleven-dimensional origin of string / string 
duality: A one-loop test," Nucl. Phys. B 452, 261 (1995) [arXiv:hep-th795061 26|. 

L. Alvarez-Gaume and E. Witten, "Gravitational Anomalies," Nucl. Phys. B 234, 269 
(1984). 

S. Sethi, C. Vafa and E. Witten, "Constraints on low-dimensional string compactifica- 
tions," Nucl. Phys. B 480, 213 (1996) [arXiv:hep-th/960 6122]. 

E. Witten, "On flux quantization in M-theory and the effective action," J. Geom. Phys. 
22, 1 (1997) |arXiv:he p-th/96 09122 |. 

K. Mohri, "D-branes and quotient singularities of Calabi-Yau fourfolds," Nucl. Phys. B 
521, 161 (1998) [arXiv:hep-th/9707012] . 

A. Font and J. A. Lopez, "Strings on eight-orbifolds," Nucl. Phys. B 703, 177 (2004) 
|arXiv:hep-th/0405151j . 

A. Sen, "Strong coupling dynamics of branes from M-theory," JHEP 9710, 002 (1997) 
(a^iv:hep-th/ 9708002| . 

Y. Imamura, "Born-Infeld action and Chern-Simons term from Kaluza-Klein monopole 
in M-theory," Phys. Lett. B 414, 242 (1997) jarXiv:hep-th/9706144 |. 

M. Bershadsky, C. Vafa and V. Sadov, "D-Branes and Topological Field Theories," 
Nucl. Phys. B 463, 420 (1996) [arXiv:hep-th/9511222] . 

M. B. Green, J. A. Harvey and G. W. Moore, "I-brane inflow and anomalous couplings 
on D-branes," Class. Quant. Grav. 14, 47 (1997) [arXiv:hep-th/9605033|. 



17 



[28] Y. K. Cheung and Z. Yin, "Anomalies, branes, and currents," Nucl. Phys. B 517, 69 
(1998) | arXiv:hep-th/9710206] . 

[29] C. P. Bachas, P. Bain and M. B. Green, JHEP 9905, Oil (1999) |arXiv:hep-th /9903210]. 

[30] T. Eguchi, P. B. Gilkey and A. J. Hanson, Phys. Kept. 66, 213 (1980). 

[31] J. P. Gauntlett, G. W. Gibbons, G. Papadopoulos and P. K. Townsend, "Hyper- 
Kaehler manifolds and multiply intersecting branes," Nucl. Phys. B 500, 133 (1997) 
iarXiv:hep-th/9702202] . 



18 



